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Bk : RIRX
@DeadlockCode

Hey, Deadlock here. I'm the creator of one of the Barnes-Hut videos you referenced
near the beginning.

First off, | just wanted to say | really enjoyed this video. It was fantastic to see all of it
put together with beautiful animations to boot. | really related when you started
talking about how there's seemingly barely any material explaining how the FMM
algorithm actually works. It's great to finally see such a clear and well put-together
explanation. You did a way better job explaining it than | think | ever would so I'm
almost glad | didn't make a video on it because then the world might've never been
blessed with this gem.

After making my Barnes-Hut video, | originally hoped to make one on the FMM as
well but | never got to it because other projects interested me more. But while
researching for the FMM there was always one thing that | kept getting stuck on: is it
really O(N)?

The force calculation itself is clearly O(N), but the total complexity seems to depend
on whether the acceleration structure itself can be built in O(N) as well.

For a uniform particle distribution, that part seems straight forward. You can bucket
particles into regions, the number of particles per region stays bounded, and building
the tree is O(N) from there.

Where | got stuck was the non-uniform case. The Adaptive FMM paper argues that
the octree construction is O(pN), where p is used to bound the tree depth, and then
treats p as bounded by a constant because it is limited by machine precision. At face
value, that makes perfect sense; once you reach machine precision, further
subdivision doesn't provide additional accuracy so you can stop.

But that argument always felt unsatisfying to me. Before you hit that machine
precision limit, the depth will still grow with N, meaning the tree construction could
behave more like O(N log N) unless I'm missing something. | feel like it only truly
becomes O(N) once the depth stops growing because you've reached the limits of
the machine precision. It just feels very different from saying the algorithm is O(N) in
a more general sense.

| completely understand why the paper makes that assumption, treating machine



limits as constants is very common and often completely justified. | was just curious
whether there is another way of looking at it which I'm missing.

| also came across other approaches like radix-sorted Morton codes, which can also
build the tree in O(N), but they seem to rely on similar assumptions about fixed
precision or particle distribution to make sure the number of particles per leaf is O(1).

I'd love to hear your thoughts on this. When you think about FMM, do you feel that
the machine precision assumption is enough to justify calling the full algorithm O(N),
or is there some deeper argument that avoids this concern altogether?

| also just want to acknowledge that this is mostly just a philosophical question for the
fun of it. In reality the time complexity doesn't really matter; if the algorithm is better,
it's better, and that's all that matters. The O(N) argument just never clicked with me
so I'd love to hear how you see it, and maybe | can finally love this algorithm
unconditionally without the sour taste of tree construction.

@G.Aaron.Fisher

Almost all O(n) algorithms are secretly O(n*(1+¢*log(n)). That epsilon n log n part can

either relate to the size of object pointers, or the level of precision required to
accurately aggregate values.

In practice (1+g*log(n)) is O(1) for any n that anyone is ever going to care about.

As a straightforward example, a linked list where each node contains a pointer to the
next will require that pointer to be at least log_2(n) bits in size. So for a large enough
n, you need more than a long to point to the next node in the sequence. But by the
point that the linked list requires 3 longs to represent a single pointer, the linked list
has more elements than the universe has atoms. And if you stop there, 3 is O(1).

It's my professional opinion that you should pretend you have no knowledge of this
forbidden lore in any job interviews or work conversations. The knowledge, while
completely accurate, is nothing but a footgun if you've been cursed enough to learn
of its existence.



@keyframe41

Really cool to see you here and I'm glad you liked the video this much! When | was
researching the algorithm, | actually read a paper with basically the same argument
about machine precision not being constant ('Greengard’s N-body Algorithm is not

order N' by Srinivas Aluru) and felt very mixed about it as well. He shows that the
number of expansion terms p must be proportional to logN to maintain an error
bound as N grows large. So he states that FMM is not O(N) but in fact O(Nlog”2N),
even worse than Barnes-Hut.

However Barnes-Hut doesn't have any guarantee of error, so we're comparing them
on two different standards here, and FMM still ends up on top.

| then stumbled onto the Morton codes approach which seemed better but didn't think
too much of it as it felt like a lot of extra work to implement on top of the core
algorithm. Just before | posted this video | asked gemini to vibecode the Morton
codes tree creation and it turned out slightly worse than my pretty optimized
approach, so that was probably a good decision. Still, for the implementation video |
also plan to do some more tests with different numbers of particles just in case the
time taken grows differently with the approach, and also check out if the NlogN cuve
really appears.

If | recall, the tree creation takes up about 4-5ms per frame which was more than |
anticipated, since | originally believed that most of the time would be on the FMM
math, so the O(N) would overpower the O(NlogN). So, another thing | could test is
building the tree every m-th frame to see how that would tradeoff accuracy.

One important thing about the tree | noticed while debugging is that the depth seems
quite bounded. At 120k particles and 100 particles per box, the depth only
occasionally goes past 10, and very rarely hits 12. So we aren't going over particles
that many extra times, and before | do any of those tests my first instinct is expecting
the 'nonlinear-ness' to be only very slight.

Personally, I'm entirely fine with accepting FMM as practically O(N) and forgetting
about the tree creation, which | admittedly skimmed over in the video. | was worried
that Barnes-Hut would perform better for me since you somehow got 1M particles to
work but thankfully in practice my laptop can run twice as many particles (only 120k
though) using FMM than it can with Barnes-Hut.



@DeadlockCode

@keyframe41 I'm glad to see my gut reaction against the O(N) claim mirrored in the
literature, it makes me feel a little less crazy. | didn't go quite as deep, so | must have
missed that paper. I'll definitely have to read it sometime.

Either way, | completely agree that FMM's value goes far beyond just the time
complexity argument. It's still an amazing algorithm with a lot of really beautiful math
behind it, and the practical performance is what matters most in the end.

Experimental measurements of the scaling would be really interesting to see. Will
your final implementation be open source? I'd love to try it on my machine, or maybe
even experiment with GPU acceleration if | find the time.

Either way, I'm really looking forward to the implementation video!



